Abstract. In this paper, we prove rigidity results on gradient shrinking Ricci solitons with weakly harmonic Weyl curvature tensors. Let (M n , g) be a compact gradient shrinking Ricci soliton satisfying Ric g + Ddf = ρg with ρ > 0 constant. We show that if (M, g) satisfies δW(·, ·, ∇f ) = 0, then (M, g) is Einstein. Here W denotes the Weyl curvature tensor. In the case of noncompact, if M is complete and satisfies the same condition, then M is rigid in the sense that M is given by a quotient of product of an Einstein manifold with Euclidean space. These are generalizations of the previous known results in [7] , [9] and [14] .
Introduction
A complete Riemannian metric g on a smooth manifold M n is called a Ricci soliton if there exist a constant ρ and a smooth 1-form ω such that
where r g is the Ricci tensor of the metric g, ω ♯ is the vector field that is dual to ω, and L ω ♯ denotes the Lie derivative along ω ♯ . Since example, in [7, 10, 12, 13] . g is a Codazzi tensor, where W and s g denote the Weyl curvature tensor and the scalar curvature of the metric g, respectively, and δ is the divergence operator, which is the adjoint of the differential operator d acting on tensors. In [9] , Munteanu and Sesum extended these results to show that any n-dimensional complete gradient Ricci soliton with harmonic Weyl tensor is a finite quotient of R n , S n−1 × R, or S n .
In this paper, we consider gradient shrinking Ricci solitons with weakly harmonic Weyl In this paper, we prove that if (M, g) is a compact gradient shrinking Ricci soliton having weakly harmonic Weyl curvature tensor, then (M, g) is Einstein.
Theorem A Let (M n , g, f ) be a compact gradient shrinking Ricci soliton, and uppose that
In the case of a noncompact Ricci soliton, we prove the following rigidity reult which is exactly the same property as when (M, g) is locally conformally flat or has harmonic Weyl curvature.
Theorem B Let (M n , g, f ) be a complete noncompact gradient shrinking Ricci soliton, suppose that δW(·, ·, ∇f ) = 0. Then (M, g) is rigid.
One of main ingredients in proving the rigidity of Ricci solitons with vanishing Weyl curvature tenosr is that the condition δW makes it possible to compute the divergence of the full Riemannian curvature tensor R. Therefore, by using an integral identity containing the divergence of R as an integrand, one can show that the scalar curvature must be constant.
However, in the case of a weakly harmonic Weyl curvature tensor, it is not easy to deduce the divergence of R. Thus, we must find an alternative approach to prove our rigidity result for Ricci solitons with weakly harmonic Weyl curvature tensor. The key observation concerning a gradient shrinking Ricci soliton satisfying δW(·, ·, ∇f ) = 0 is the following. If (M, g, f ) is a gradient Ricci soliton having weakly harmonic Weyl tensor, then two gradient vector fields ∇s g and ∇f are parallel, and this property implies that s g , |∇f | 2 , and r g (∇f, ∇f ) are all constant along each level hypersurface given by f . Using these properties, together with a maximum principle and a Liouville property for f -Laplacian given by Petersen and Wylie ( [12] ), we can derive our main results.
Preliminaries and Basic Formulas
Throughout this paper, we follow the conventions in [1] regarding differential operators and the Riemannian curvature tensor R, with the exception of only the Laplacian. We define the Laplacian by ∆ = −(δd + dδ), the negative operator. For example, ∆ϕ =
We start with basic definitions of differential operators acting on tensors. Let us denote by
Here, dϕ denotes the usual total differential of ϕ. Then, it clearly follows that
We also define two types of interior product ι andι for the curvature tensor R, by
for vectors V, X, Y, and Z.
Next, we will describe some basic formulas that can easily be obtained from the Ricci soliton equation (1.3) which are already well known. From (1.3), we have
Note that for any smooth function ϕ, we have
Taking the divergence of (1.3) and using (2.3), we have
By (2.2) and (2.4), it holds that
Furthermore, we can see from (2.4) together with the Ricci soliton equation (1.3) that
Since δr g = − 1 2 ds g , it holds that 1 2
Therefore,
It follows from (1.3) again that
Substituting (2.7) into (2.5), we obtain
This implies that a gradient shrinking Ricci solition has nonnegative scalar curvature. In fact, if
Of course, this fact is well known ( [4] ). Moreover, substituting (2.8) into (2.5) and using (2.6), we get
Next, we state some well-known facts that are needed to prove our main theorems.
Lemma 2.2. For any function f on a Riemannian manifold (M, g), it holds that
Before closing this section, we will prove a result concerning the rigidity of complete gradient shrinking Ricci solitons with constant scalar curvature and weakly harmonic Weyl tensor. In the compact case, this property is already known. In fact, a compact gradient shrinking Ricci soliton with constant scalar curvature is known to be Einstein without requiring any condition on the Weyl tensor. To prove our rigidity, we will require the following theorem given by Petersen and Wylie.
Theorem 2.3 ([12]).
A shrinking gradient Ricci soliton is rigid if and only if it has constant scalar curvature and is radially flat.
We say that a gradient Ricci soliton (M, g, f ) is radially flat if the sectional curvature of the plane spanned by ∇f and an orthogonal vector to ∇f vanishes.
be a complete gradient shrinking Ricci soliton, and suppose that
) is Einstein by (2.2). Therefore, we may assume that (M, g) is complete and noncompact. Since the scalar curvature s g is constant, it follows from Lemma 2.1 that
Thus,
for any vectors X and Y . From the soliton equation (1.3) together with Lemma 2.2, we have
and so for any vectors X and Y , it holds that
The equations (2.9)-(2.11) show that
Thus, (M, g) is rigid by Theorem 2.3.
Ricci solitons with weakly harmonic Weyl tensor
In this section, we will describe some properties for a gradient Ricci soliton with weakly harmonic Weyl tensor. As mentioned above, one key property of such a gradient Ricci soliton is that gradient vector fields ∇f and ∇s g are parallel, which implies that all functions, including the scalar curvature s g and |∇f | 2 , are constants along each level set of f . The second result regarding such gradient Ricci solitons is that the Ricci tensor can be decomposed into the direction ∇f and its orthogonal direction, which implies that the Ricci tensor has at most two eigenvalues of multiplicity n − 1 and 1, respectively. This property plays an important role in investigating the structure of harmonic curvature (cf. [5] , [8] ).
When the scalar curvature s g is constant, we already know that (M, g) is rigid. Therefore, in this section, we carry out various computations on gradient Ricci solitons with the assumption that the scalar curvature s g is nonconstant.
Lemma 3.1. Let (M n , g, f ) be a gradient Ricci soliton with weakly harmonic Weyl tensor.
Then, for any vectors X and Y ,
Proof. It follows from Lemma 2.1, together with the assumption δW(·, ·, ∇f ) = 0, that
for any vectors X and Y . This is equivalent to (3.1).
Lemma 3.2. Let (M n , g, f ) be a gradient Ricci soliton with weakly harmonic Weyl tensor.
Then, ∇f and ∇s g are parallel.
Proof. Since
for any vectors X and Y . Switching the roles of X and Y in (3.1), we get
Comparing this with (3.1), we obtain ∇s g , X ∇f, Y = ∇s g , Y ∇f, X for any vectors X and Y . Thus, ∇s g , X ∇f = ∇f, X ∇s g for any vector X.
Denote the set of all critical points of f and s g by Crit(f ) and Crit(s g ), respectively. Then, the identity ds g = 2r g (∇f, ·) implies that 
Proof. For a vector field X that is orthogonal to ∇f , we have ∇s g , X = 0, since ∇s g and ∇f are parallel. Therefore,
Next, by Lemma 2.2 and (3.2) we have
and
Remark 3.4. As an application of Lemma 3.3, we can show that the Ricci tensor r g has at most two eigenvalues of multiplicitiy 1 and n − 1. In fact, from the curvature decomposition (cf. [1] ) and Lemma 2.1, we can compute
Let {e 1 , · · · , e n−1 , N} be a local frame. Substituting the triple (N, e i , e i ) into (3.4), we obtain
By considering Lemma 2.1 again, since
More generally, we can show that
Next, we will show that every geometric quantity, including the function α, is constant along each level set of f . Let c be a regular value of f , so that Σ = f −1 (c) is a hypersurface of M.
Let X be a vector tangent to Σ = f −1 (c). Then,
since ∇f and ∇s g are parallel. Therefore, |∇f | is constant on f −1 (c).
Let {e 1 , · · · , e n−1 , N} be a local frame. Then, by Lemma 3. 
To show that the function α = r g (N, N) is constant along each level hypersurface of f , recall
for any vectors X and Y . In particular,
for any vector X. Let X be a vector with X ⊥ ∇f . Since D N N = 0, it follows from (3.5) that
Thus, α = r g (N, N) is also constant on each level set f −1 (c). Consequently, we have the following result.
Lemma 3.5. Let (M n , g, f ) be a gradient Ricci soliton with weakly harmonic Weyl tensor.
Then, f, s g , α, |∇f | 2 , and 2r g (∇f, ∇f ) = ∇s g , ∇f are all constant along each level hypersurface given by f .
As mentioned above, since |α| ≤ |r g |, α = r g (N, N) can be extended as a C 0 function on the whole of M. The following lemma, in particular, shows that the function α is equal to ρ on the set Crit(f ).
Lemma 3.6. Let (M n , g, f ) be a gradient Ricci soliton with weakly harmonic Weyl tensor.
Then, on the set Crit(f ), we have that α = ρ.
Proof. From the Ricci soliton equation (1.3), we have
Since α can be extended as a C 0 function on the whole of M, |∇f | can be considered as a Proof. Recall that for a gradient shrinking Ricci soliton (M, g, f ),
If f attains its local maximum at x 0 ∈ M, then ∇f (x 0 ) = 0, and so at any point x near x 0 we have
Proposition 3.8. Let (M n , g, f ) be a complete gradient shrinking Ricci soliton, and assume that δW(·, ·, ∇f ) = 0. Then,
} be a local frame, and let R ij = r g (e i , e j ) so that α := R nn = r g (N, N) . It has been shown in [6] that
Finally, from Lemma 3.3 it is easy to see that
.
Proof of Main Theorems
In this section, we shall prove our main results. Proof. Let
By Lemma 3.7, the scalar curvature s g also attains its maximum at x 0 , i.e.,
Thus, if ∆f (x 0 ) = 0, then s g ≤ nρ, because ∆f = nρ − s g . This shows that f is a subharmonic function, and so it must be constant. Hence, (M, g) is Einstein.
We claim that ∆f (x 0 ) = 0.
From ∇s g = 2α∇f , we have
The equation (2.8) can be rewritten as
Thus, at the maximum point x 0 of f , we have from by Lemma 3.6 that
at the point x 0 , and so Ddf x 0 = 0 by the Ricci soliton equation (1.3) . Hence, ∆f (x 0 ) = 0 and so s g is constant.
Let (M n , g, f ) be a noncompact gradient shrinking Ricci soliton. To prove Theorem B, we need the following Liouville property for f -Laplacian functions, which are shown by Petersen and Wylie( [12] ). The f -Laplacian of a function u on M is defined by
Lemma 4.2 ([12]
). Any nonnegative function u with ∆ f u ≥ 0 that satisfies
for some k > 1 is constant.
Using Lemma 4.2, we can prove the following corollary. Since Ω = ∅, we have ∆ f u ≥ 0.
We can also easily see that the function u = 2ρf − |df | 2 satisfies (4.4) for some k > 1 (in fact, for any k > 1). Thus, by Lemma 4.2, u = 2ρf − |df | 2 is constant. Since it is well known that 2ρf − |df | 2 = s g + C, it follows that the scalar curvature s g must be constant. Therefore, (M, g, f ) is rigid by Theorem 2.4. Now, assume that Ω = ∅. In this case, we can compute ∆ f (e −sg ) = 2e −sg |Ddf | 2 − ρ∆f + 2α 2 |df | 2 .
Therefore, ∆ f (e −sg ) ≥ 0 on the set Ω, and the function e −sg satisfies (4.4) obviously. Note that on the set Ω, it trivially holds that e −sg > 0. By Lemma 4.3, e −sg is either constant or e −sg ≤ 0.
Because the latter condition is impossible, e −sg must be constant, and so is s g . Hence, (M, g, f )
is also rigid in this case. 
